As an example we provide in Fig. 5 the dependences of w' on ¢ , obtained during the
numerical solution of (3.13), for the following initial conditions: t' =0, ¢ = 0.1, w' =
—1; —0.5; 0 (lines 1-3). The calculations were performed for B = 10~“ for a plate with

D/L = 1, corresponding to A = 0.132-10""%, B, = —0.274-10"“, For the same values of the
original parameters we derived, with account of (3.16), the boundary (curve 4) of the region
of and w' values, in achieving which the plate is ''buoyant'' on the hydrofoil. The

primed portions of curves 1-3, though formally corresponding to Eq. (3.13), cannot be real-
ized. This is due to the fact that the plate behavior following the moments of ''buoyancy''
corresponding to the intersection points of lines 1-3 and 4 are no longer described by Eq.
(3.13).

The results obtained in the examples considered for the simplest special case, when in
(1.10) attention is restricted to the first equation only for each of the two £(J = 1), are,
naturally, of approximate nature., Nevertheless, it is possible to find preliminary estimates
of flow characteristics. However, when higher accuracy is required, it is suggested to use
in (1.10) a larger number of equations (J > 2).
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PLANAR SURFACE WAVE GENERATION IN THE
PRESENCE OF SLIGHT BOTTOM ROUGHNESS

B. E. Protopopov and I. V, Sturova : UDC 532,591

At present a linear theory of surface wave generation by various perturbations in a
liquid with horizontal bottom has been developed quite well. However in the case of a
liquid with rough bottom analytical studies of this problem have met with severe mathemati-
cal difficulties. The perturbation method is usually used for slight bottom roughness [1].

Using a linear formulation, the present study will investigate the effect of slight
localized bottom roughness on the behavior of surface waves for two problems: decay of an
initial elevation of the free surface and motion of a surface pressure region. A comparison
is performed with a numerical solution of the original problem, obtained by the finite dif-
ference method.

1. Let an ideal incompressible homogeneous liquid occupy the region — < x < @,
—H(z)<y<0, where x is the horizontal, and y, the vertical coordinate, H(x) = Ho —
h(x), h(x) - 0 as [xl + @, At the initial moment t = 0 the free liquid surface is displaced
from its equilibrium horizontal form and the expression y = fo(x) is specified. The velo-
city potential of the given flow ¢z, y, t) satisfies the equation :

Novosibirsk. Translated from Zhurnal Prikladnoi Mekhaniki i Tekhnicheskoi Fiziki, No.
1, pp. 125-133, January-February, 1989. Original article submitted October 19, 1987.
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Ap =0 (1.1)
with boundary conditions
P + 89y = 0 for y = 0; (1.2)
@y = h.@, for y = —H(z); . (1.3)
9] << 00 for |z|-> oo (1.4)
and initial conditions
¢ =0, ¢ = —gfplz) for ¢t =0. (1.5)

With the assumption that hpy << Hoe (hp = max|h[), in analogy to [1] the boundary condi-
tion on the bottom can be linearized, and the solution of Eqs. (1.1)-(1.5) can be sought in
the form

P= Qo+~ ¢ T ¢+ ... (1.6)

The functions g; (i=0,1, 2, ...) then satisfy Eq. (1.1) and boundary conditions (1.2),
(1.4). The boundary condition on the bottom, Eq. (1.3), is transferred to the line y = —Ho:
oy = 0, @iy = Az, t) for y = —1, (1.7)

(A (x, t) = h.r(pox- h‘Pow)-

In order to find ¢; a recursive sequence of boundary problems can be derived. Further

analysis will be limited to the first approximation only. We write the initial conditions
of Eq. (1.5) as @, =0, @y = —gfo(z), ¢, =0 at t = 0. We assume that the Ffunctions

fo(x) and h(x) admit a Fourier transform and (for simplicity) that they are even.

The function ¢, describes the well-known solution of this problem for a liquid with
smooth bottom:

o0

2z ( F, (k) cos kz cosh k(y+ H
%, (2, y, 3)=—¥j‘ g _I‘CLEJ.T o)sinmtdk
V ksinh 2kH,
o (1.8)
(o) (k) = V gk tanh kH,, F,(k)= 2;/0 () coskzx dx).
0
The vertical displacement of the free surface n(x, t) is defined by the expression n =
—(1/8)¢; ly—o » and according to Eq. (1.6),
n =" I M (1.9)

Here the first term is equal to 1,(s, t)=%§F0(lc)coskxcosmtd/f.
0
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Fig. 2

To calculate the function ¢, we use Fourier and Laplace integral transforms. Accor-
ding to Egqs. (1.7}, (1.8)

V_ k F_ (k) sin ot

Az, ¢
(= )= Vsmhlkllo

(h sin kx), dk
[1}
and the solution for n; in Eq. (1.9) has the form

co

gY @m&dTHMme@w—mwmn

2
n2," cosh $H coshkH | ¥ (b — 0 )]

M (Iv t) = K(g, k) dk

\

(K & k= Sh (z) sin krsin §z dx).
0

In a liquid layer of finite width |z]<{ L with boundary conditions
¢ =0 at |z} =L (1.10)
from the solution of Egs. (1.1)-(1.3), (1.5) in the approximation of Eq. (1.6) we find

1, (2, )=_;+ Zb cos nfix cos wnt; (1.11)
) N
S M t — coswnt)/(0r — k%) at n¥Em
2 1) = gﬁ m cos mBz nb M, [(coswm vn , (1.12)
n @t Z cosh mBH 2 cosh Bl |4 gin Ot/ (20.m) at n=m,

where p = a/L; o, = Vgnﬁ tanh nPH,;
L
= ELS fo(2) cos nPz dz; Mam = K (mp, nf).
(]

2. In our study of wave motions produced by the effect of an external pressure pg(x,t)
applied to the free liquid surface we will maintain the notation of Sec. 1. The velocity
potential of the flow to be considered satisfies Eq. (1.1) with boundary conditions (1.3),
(1.4). We now write the boundary condition on the free surface in the form

Qe - 8@y = —par/p at y =0 (2.1)
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(where p is the liquid density). We assume that at the initial moment perturbations are
absent from the liquid, and the initial conditions are

¢ =0, ¢ = —pJp at t =0. (2.2)
The elevation of the free surface is determined from the expression n = —(,ly,~0 + p./p)eg.
It is assumed that the surface pressure moves uniformly at a velocity c in the direction of

the positive x-axis, which velocity is constant within the interval |z —e¢f|<{! and zero
elsewhere, i.e.,

pp =P at |z —ctf< ], (2.3
Pa=0 at |z —ct|> 1.

In the approximation of slight bottom roughness the solution of the given problem may
be sought in the form of Eq. (1.6), but in contrast to Sec. 1 the boundary condition on
the free surface and the initial condition for the function ¢, have the form

Qote + EPoy = —Pat/p at Y =0, 9o = —pylp at t = 0.

All remaining conditions are the same. The solution of this problem is then:

o

{ f (k) cosh k(y-{—Ho) . . .
)= — | = k kx — (i —of)) — ¢ ; .
P (1, 45 1) = - ij cosb W71, (a? — %) {kc[sin kz cos wt — sin k (z — ct)) — w cos kz sin wt) dk; (2.4)
N, (z, 1) = %g f‘(lz‘)—mdﬁ {0 [cos k (x — ct) — cos ot cos kz] — ke sin ot sin kz}); (2.5)
: ¢ — o —_—
0

K°c (F sin ket — F, cos ket)
[o* () — #]lo® 3) — #))°

(2.6)

n(@ )= qi“’j'coshggl cﬁé}i’;r)l“li: {B (@) — B@) +
e %%

Here f(k) = 2P sin klfk; Fy(k, & ) = Gy(k, t) costz — Gylk, E) sintz;
Fyo(l, 3, 2) = Gylk, E)eos &2 — G,(§, k) sinkx;
G,k E) = j h(x)sinEzcoskzdz; G,(k,E) = S‘ h(2) cosEx cos kx dx;

(4] (kcFl sin wi — sz cos w!)
(K —eh) [0 ) — 0 (0]

G, (k, E) — 5 h(x)sinkrsinkrdr; B(w)

It is interesting that in the approximation considered the effect of a varying bottom
manifests itself in the following manner. in addition to wave motions produced in a liquid
with a smooth bottom by the wave generator considered (initial perturbation of the free sur-
face or a moving surface pressure region), other wave perturbations appear due to oscilla-
tion of a portion of the bottom corresponding to the size of the bottom roughness. These
bottom oscillations ''switch on'' simultaneously with the initial generator, and their ver-
tical velocity component can be described by a function A(x, t) which can be represented
in the form A = (hZ)x, where
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1 kf ()
Z(x) t) - Tté‘gshkflo (k2c2 —

o) {ke{cosk (x — ct) — cos kr cos wt] — wsin wt sin kz}. 2.7

An important characteristic of this flow is the wave resistance W experienced by a mov-
ing pressure region. With consideration of Eq. (2.3)

W= s Pa(z, l)"]zd-r=PP[Tl(Ct+ly ty—nlt—1 i (2.8)

For a liquid with a smooth bottom, according to Eq. (2.5),

oo

2P (o . 3 sin (0 —ke) ¢ sin (@ - kc) ¢
W, () =2 'Yismzu[ okt e ]dk.
0

An asymptotic evaluation of this expression at t + = yields a solution of the corresponding
steady state problem, as presented, for example, in [2]. Wo = 4pP?sin® ky/g(1 — gH,/c? cosh? kyH,)
(where ko is the root of the equation c’k = g tanh kH,). The presence of slight roughness
introduces into W in addition to Wo a term W, dependent on the behavior of the function n,
in Eq. (2.6):

]

2P ( GsinSaE [ Ay k[ oo
W1 - ? cosh §Ilo 4 cosh kllo [C (@ (ID)) Clo (§)) +
1)

ke (F, cos ket — E, sin ket) }

[w? () — k*c®] o? (B) — #%cF] 3 (2.9)
[} (a)Elcos ot — kcE2 sin wt) .

T W@ -t W)

E\(k, &, t) = Gyk, &) sin Ect + G,(k, E) cos Ect;
E, (k, &, 1) = G,(k, &) sin Ect + G,(k, &) cos &ct.

where C(w)

For a liquid layer of finite width |z|<{ L the solution for motion of the surface
pressure region pg/p = P at |z + 2, —ct{ <!, p, =0 at |x + x4 — ct| > & with consideration of
boundary condition (1.12) has the form

2 (-]
n°=£2T,,cosnﬁ(x+L); (2.10)
fNim]
n, = mE_lecosmﬁ(zH). (2.11)
Here
w,, sin nfl

T, {wn cos nf (z, — L) (cos wat — cos nfct) +

= n (m: — n’ﬁ’cz)
+ sin nfl (z, — L) (nfic sin ot — @, sin nfiet));
2xmP n2p2c? cos np (zg—L—cety |

Bnm
Np= 3 cosh mBH, Egsh nBH, [G (0n) — G (0om) + (naazcz — mg) (m:‘ — nzﬁsca)]v

fine]l
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L
By = j‘ h () sinnf (z + L)ysinmf (z + L) dz;
~L
G () = © [nfe sin nf (z, — L) sin ot + o cos nf (z, — L) cos wt] '

(0 — n®p%") (0, — o?)

The wave resistance in the given problem (according to Eqs. (2.8), (2.10), (2.11)) W = Wo +
W,, where

. 4Pt N : ;
W, = %;;TnSInnﬁl~51nnﬁ(xo—ct—L),

W, =2gP 3 Nusinmpl-sinmp(r, —ct — L).
m=1

In addition to these flow characteristics we will also consider the behavior of pressure
on the bottom, which can be determined by the expression D = p—]ply,_yo= — @t fy=—n, For a

liquid with a smooth bottom

Do=[—}:+ 2‘—1[-’ 2 Rpcosnf(z + L),

L
N}
_ sin nfpl
" 7 ncosh nBH (0F — n‘“'ﬁ?c")

— % cos nf (v, — I — ct) + nPean sin oqt sin v (z, — L)].

[ wh cos wut cos nP (g, — L) —

In the approximation of slight roughness, to the term Do we add

Dl———‘ 2 Vmcosmﬁ(.r+l,), (2.12)
m=1
Vo 2p {o‘ sin nfiB,
moye nﬁi‘ coshnPll
n¥pic® (n2f52c2 tanh mf/f — grﬂ

(of ~ nzﬁzc") (v -- n*Bc*)

(gmp — b tanh mBH ) [G (0n) — G (0n)] +

cos nf (xy — L — ct)).

The effect of bottom roughness on a steady state wave train is also of significant
interest. In this case the solutions for gz, t) and no(x, t) are equal to the underlined
terms in Eqs. (2.4), (2.5) and in a moving coordinate system X = x — ct they describe wave
perturbations produced by a constantly acting pressure applied to the free surface of a uni-
form flow. The solution of this problem is well known (see, e.g., [3]). The value of the
function Z(x, t) is defined by the underlined terms in Eq. (2.7). According to [3], at ¢ >
Vg, the function Z(x,) is even with respect to x, and decays exponentially with removal
from the external pressure region. For c < /EEZ together with this term there appears a
second one which is nonzero only for x, < 0 and represents a periodic wave. The rate of
decay of the function Z(x«) with removal from the pressure region for x« > 0 permits deter-
mination of the minimum distance from the bottom roughness at which the latter ceases to
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have a significant effect. Beginning at those times when the surface pressure falls within
the roughness zone the bottom excitation function A(x, t) becomes periodic in time, and the
problem under study has much in common with the problem of wave generation by periodic bot-

tom movements. In this case the solution for ¢z, ¢) has the form
_ ig 11 (k) dk 5 at %
$1= n‘-".e cosh kﬂolk‘zcz—- w? (k)] o cosh £H [w® &) — #3c¥]

><{[u)2 (E) sinh &y + g& cosh Ey] [Fl cosw(E)t + kcF, s____in:(S) [] — (K** sinh &y 4 g& cosh Ey) (F,cosket + F,sin kct)}.

3. An algorithm for numerical solution of the problems considered above can be con-
structed on the basis of the finite difference method for a finite width liquid layer. We
use the replacement of variables x' = x, y' = —y/li(x), vhich transforms the flow region
Q= {le|l< L —HX<y< 0} into a rectangle T ={jz'|<<L, 0Ky < 1}. As a result of
this replacement Eq. (1.1) and boundary conditions (1.2), (1.3), (1.12), (2.1) take on the
form (here and below we omit the primes on the new variables)

ux "}‘ Uy =0; (3'1)
u=0 at {z|=L v=0 at y=1; (3.2)
N = —V, ¢ = —gn — po/p at ¥ = 0; (3.3)

u = (9, + ﬁv)/Yy Vo= (q)ll - ﬁu)/H(I)l (3.4)
B = —yH, v=( -+ P)HE) .
Initial conditions (1.5), (2.2) remain as before. After writing evolutionary equations
(3.3) in discrete form using the Crank—DNicholson method {4} the problems of finding .¢p and
n are easily separated (within the limits of a single step in time). From Eqs. (3.1), (3.2),
(3.4) and the boundary condition

p—givh=a at. y =0 (3.5)

we calculate ¢ , u, v, after which direct computation using n = —1v/2 + b at y = 0 yields
the position of the free surface. Here T is the step in time, and @ and b denote all terms
known from the previous time step (or from initial data) and the specified function p,(x, t):

" = ¢ 4 g h— [ + (00T 4 R)/20), U = — w2

(with superscript denoting the number of the step in t). The problem of Egqs. (3.1), (3.2),
(3.4), (3.5) can be calculated by an iterative splitting technique constructed using the
principle of the stabilizing correction method [5} with consideration of the divergent form
of Eq. (3.1):

("2 — ") o = ut + v:““, S ((p:+1/2 + pu*)/H (),

P gtV =g at y=0, PTP=0 ax y=1;

((ph+l _ (;)Hm)/w — u,?“ _ u:, = (‘pz-n + Wk-i-l/z)/,?’
uWttl'=0 at |z|=1L

(where w is the iteration parameter and the superscript is the number of the iteration),

The technique can be realized on a ''chessboard'' grid with nodes ¢ located at the centers
of the grid cells, nodes u at the midpoints of the side faces, and nodes v at the midpoints
of the upper and lower faces. Only symmetric differences are used to approximate the deriva-
tives. The technique developed has second order approximation for all variables and is abso-
lutely stable and conservative.

4. For concrete calculations of the problem considered in Sec. 1 we will specify
the bottom roughness shape in the form h(x) = a cos(wx/2x,) for |z|<{z;, h(x) = 0 for
|x| > x,. Cases of both finite and infinite liquid layer width were considered. A compari-
son with numerical calculations of the given problem by the finite difference method
described in Sec. 3 was carried out for a liquid layer of finite wigfh L/H, = 4 for an ini-
tial elevation of the free surface fqo(x) = alcos(wx/2r,) — €] at |x| S Xo, fo(x) = —age for
|x > Xo(€ = 2xo/7L). The numerical solution was obtained on a 72 x 12 grid with time step
tvg/Ho = 0.02.
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Figure 1 shows the quantity n for times tvg/Ho = 30 at xo/Ho = 1, x3/Ho = 2, a/Ho = 0.2
(a); x./Ho = 3, a/Ho = 0.2 (b); x,/Ho = 3, a/Ho = 0.3 (c). Curves 1-3 represent the numeri-
cal solution, the solution of Eq. (1.11) for a smooth bottom, and the approximate solution
of Eq. (1.9) for slight roughness, obtained with use of Eqs. (l1.11), (l.12). It is obvious
that the approximate solution coincides with the numerical one only for a/Ho < 0.2. It

should be noted that in the presence of vertical walls reflections cause the effect of bot-
tom roughness to be significantly more intense than in an unbounded liquid.

To perform calculations of the problem considered in Sec. 2 two types of bottom
roughness were used:

h(z) == a cos(n(z — z,)/2x,) for |z — z,| < z,, (4.1)
R(z) =0 for |r — 2\ > z,3
h(z) = a sin (n{x, — z)/1,) for |z — ;| <K 7,

h(z) = 0 for |t — x| > z,. (4.2)

Comparison with a numerical solution was carried out for the roughness of Eq. (4.1) for
L/Ho = 6, L/Ho = 0.25, Xo/Ho = 5, c/VgHo = 0.8, x, = 0, x2/Ho = 3. Figure 2 shows vertical
displacements of the free surface at times tvg/Ho = 10 for a/Ho = 0.2 (a), a/Ho = 0.3 (b),
a/Ho = 0.5 (c). The numerical calculations were performed on a 100 x 10 grid with a time
step 1/g/Ho = 0.02., Curves 1-3 are analogous to Fig. 1, with the rectangle being the posi-
tion of the pressure region at the given time. The behavior of the function n, found from
Eq. (2.11) at tvYg/Ho = 10, is shown in Fig. 3, where curve 1 corresponds to the roughness
of Eq. (4.1) with parameters of Fig. 2, curve 2 is the same, but for L/Ho = 20, and curve 3
is the roughness of Eq. (4.2) (L/H, = 20, x,/Ho = 3, x2/Ho = 6, other parameters the same).
The behavior of the function n, for L/Ho = 20 at the given time practically coincides with
the case of the unbounded liquid. It is evident that change in the width of the liquid
layer and roughness shape affect the behavior of the free surface only insignificantly. How-
ever the behavior of pressure on the bottom differs greatly in these cases.

Figure 4 shows values of D, calculated with Eq. (2.12). Curves 1-3 are analogous to
Fig. 3, while curve 4 corresponds to the roughness of Eq. (4.1) located to the left of the
initial position of the pressure region (L/Ho, = 20, x,/Ho = —9, x2/Ho = 3, other parame-
ters as before). It is evident that the bottom roughness causes significant perturbations
of the pressure, while under the given conditions changes in vertical displacements are
negligibly small (the maximum values of |n1|gHo/aP < 0,01). This is true because instan-
taneous propulsion of the pressure region causes perturbations described by the functions
Z(x, t) 1in Eq. (2.7) propagating in both positive and negative x-directions.

The effect of bottom roughness on wave resistance is shown in Fig. 5, which shows the
functions ¥, for an infinite liquid, as defined by Eq. (2.9). Curves 1-3 correspond to
roughness of the form of Eq. (4.1) with parameters used in Fig. 3, and various rates of
motion of the pressure region: c¢/¥YgH, = 0.4; 0.6; 0.8. Line 4 is for the roughness of
Eq. (4.2) with the same parameters used for curve 3 of Fig. 3 (c//EﬁZ = 0.8). It is evident
that the presence of bottom roughness changes wave resistance not only for times correspon-
ding to passage of the pressure region above the roughness, but also at significantly later
times. The function W, is then a damped wave, the period of which is determined solely by
the rate of motion of the pressure region.
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